ISRAEL JOURNAL OF MATHEMATICS 158 (2007), 65-104
DOI: 10.1007/s11856-007-0004-z

THREE TYPES OF INCLUSIONS OF
INNATELY TRANSITIVE PERMUTATION GROUPS
INTO WREATH PRODUCTS IN PRODUCT ACTION

BY
CHERYL E. PRAEGER

School of Mathematics and Statistics, The University of Western Australia
35 Stirling Highway, Crawley, Western Australia 6009
e-mail: praeger@maths.uwa.edu.au
URL: www.maths.uwa.edu.au/ “praeger

AND
CSABA SCHNEIDER

Informatics Research Laboratory, Computer and Automation Research Institute
1518 Budapest, Pf. 63, Hungary
e-mail: csaba.schneider@sztaki.hu
URL: www.sztaki.hu/"schneider

ABSTRACT

A permutation group is innately transitive if it has a transitive minimal
normal subgroup, and this subgroup is called a plinth. In this paper
we study three special types of inclusions of innately transitive permu-
tation groups in wreath products in product action. This is achieved by
studying the natural Cartesian decomposition of the underlying set that
corresponds to the product action of the wreath product. Previously we
identified six classes of Cartesian decompositions that can be acted upon
transitively by an innately transitive group with a non-abelian plinth.
The inclusions studied in this paper correspond to three of the six classes.
We find that in each case the isomorphism type of the acting group is re-
stricted, and some interesting combinatorial structures are left invariant.
We also give a fairly general construction of inclusions for each type.
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1. Introduction

The various versions of the O’Nan—Scott Theorem identify several classes of fi-
nite primitive [LPS88], quasiprimitive [Pra93], and innately transitive [BamP04]
permutation groups and give a description of the groups in each of the classes.
(A permutation group is called quasiprimitive if each of its minimal normal
subgroups is transitive, and it is called innately transitive if it has at least
one minimal normal subgroup that is transitive.) In several combinatorial and
group theoretic applications, the sketchy descriptions in the O’Nan—Scott the-
orems were not sufficient, and further information about some of the families
was needed before the theorem could be used effectively. In particular, in all
variants of the theorem at least one of the classes of groups is formed by certain
subgroups of wreath products. A sufficiently detailed description of inclusions
of finite primitive groups into wreath products was achieved in [Kov89a, Pra90].
Our program aims for an equally satisfactory description of inclusions of finite
innately transitive, and hence also of quasiprimitive, groups into wreath prod-
ucts in their product action.

Deciding whether a subgroup of a finite wreath product in product action is
innately transitive can be checked by exhibiting a transitive minimal normal
subgroup. Our problem is the reverse: given an innately transitive permutation
group, determine whether it can be a subgroup of a wreath product in product
action, and if so, describe all such wreath products. Some inclusions of innately
transitive groups into wreath products are natural and can easily be identified.
However, some others are not quite so apparent. In Sections 1 and 2 of [BPS06],
we give several different kinds of examples. We found the existence of some of
these examples rather surprising.

Suppose that G is a finite innately transitive subgroup of Sym Q. Our aim is
to find all inclusions of G into subgroups W = Sym I'wrS, of Sym Q such that
G projects onto a transitive subgroup of Sy. Here the group W is considered
as a permutation group acting on I'Y in product action. (The case in which the
projection of G is intransitive is dealt with in [BPSxx].) Such problems arise
in algebraic combinatorics where we are often given a combinatorial structure
with a subgroup of its automorphism group; our task is to determine a larger
subgroup of the automorphism group, or, where possible, the full automorphism
group itself. The case where the given group preserves additional structure
on points, such as a Cartesian decomposition (as studied in this paper), is
often difficult to identify as its existence may not be apparent from the given

combinatorial information.
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If G is contained in a wreath product W as above then the underlying set
Q can be identified with the Cartesian product I'¥, such that the groups G
and W preserve the natural Cartesian decomposition of T (see Section 2).
Moreover, the permutation representation of G induced by the natural projec-
tion W — Sy is equivalent to the G-action on this Cartesian decomposition.
In [6-Class Theorem, BPS06] we identified six pairwise disjoint classes of Carte-
sian decompositions acted upon transitively by an innately transitive group with
a non-abelian transitive minimal normal subgroup. The names of these classes
are CDg(G), CD1(G), CD15(G), CD2~(G), CD2(G) and CD3(G) (see Section 2).
A G-invariant Cartesian decomposition of 2 in a particular class leads to a spe-
cial type of embedding of G into a wreath product in product action. Cartesian
decompositions in CDg(G) and CD;(G) were described in [BPS06], while CD3(G)
was studied in [PS03]. The aim of this paper is to investigate the remaining
three classes, namely CD15(G), CD2~(G) and CDay (G).

We believe that the classes CD1g(G), CD2~.(G), CD24(G) and CD3(G) are the
most challenging ones of the 6-Class Theorem. The classes CDg(G), CD1(G) can
be viewed as natural. Indeed, they arise from “normal” Cartesian decomposi-
tions preserved by G (as defined in [BPSyy]). On the other hand, the remaining
classes correspond to exceptional embeddings of innately transitive groups into
wreath products. The aim of the research presented here is to understand
the exceptional embeddings that correspond to a Cartesian decomposition in
CD15(G), CD2~(G) or CDayx(G). We describe these in as much detail as fea-
sible in our framework. Thus this paper contains three main results that are
proved in Sections 5, 6, and 7.

As we do not want to litter the introduction with complicated notation, in-
stead of explicitly stating our main results here, we present the following schema
on which Theorems 5.1, 6.1 and 7.1 are built. Let G be an innately transi-
tive group with transitive minimal normal subgroup M, where M is isomor-
phic to the direct power of a non-abelian, finite simple group 7'. Suppose that
€ € CD2~.(G)UCD24(G)UCD1s(G). Then in each case we prove three properties
of the permutation group GG and the Cartesian decomposition &£.

[1] (Quotient Action Property) We study G via its action on a G-invariant
partition Q of Q. We construct a Cartesian decomposition € of  which is
invariant under the action of G and has characteristics similar to those of €. If
€ € CD2(G) U CD1s(G) then a block in this partition will have size at most
2% where k depends on M, and often k = 0. This last statement will not, in
general, be true for CDay(G).
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[2] (Factorisation Property) We prove that T will admit some special type
of factorisation. If £ € CDa.(G) U CD1g(G) then this will enable us to severely
restrict the isomorphism type of T' (see the Isomorphism Property below). If
€ € CD2,(G) then we will also exclude some isomorphism types for T

[3] (Combinatorial Property) We prove that a point stabiliser G,, pre-
serves some combinatorial structure determined by G and &, such as a graph or
a generalised graph.

If £ € CD2~.(G) UCD1s(G) then we will also prove an isomorphism property.

[4] (Isomorphism Property) If £ € CD2.(G) UCD15(G) then the Factori-
sation Property is so strong that, up to an elementary abelian 2-group, we can
pinpoint the permutational isomorphism type of the group G.

Theorems 5.1, 6.1 and 7.1 will be built on the above schema. The converse
of these theorems will also hold in the following sense. If an innately transi-
tive permutation group is given together with a factorisation and a combinato-
rial structure prescribed by the Factorisation Property and the Combinatorial
Property, then we will show how to construct a Cartesian decomposition £ that
belongs to the corresponding class; see Sections 5.2, 6.2 and 7.3. For technical
reasons in these constructions we will require that a point stabiliser in the plinth
satisfies some extra condition to ensure that the partition in the Quotient Ac-
tion Property will contain only trivial blocks. In particular, the constructions
demonstrate that each instance where the Factorisation Property and the Com-
binatorial Property are satisfied can be realised by an innately transitive group
G with Cartesian decomposition &£ of the appropriate type.

In Section 2 we collect necessary background information on Cartesian
decompositions and Cartesian systems following the treatment in [BPS04], and
[BPS06]. Section 3 contains some easy lemmas that we need for our main the-
orems. For an innately transitive group G, the Cartesian decompositions in
& € CD2~(G) U D2 (G) UCDys(G) are studied via their quotient actions, and
the required material is presented in Section 4. Sections 5, 6 and 7 are devoted
to the classes CD2(G), CD2.(G) and CD;1g(G), respectively. We state and
prove our main theorems in these three sections.

In this paper we use the following notation. Permutations act on the right:
if 7 is a permutation and w is a point then the image of w under 7 is denoted
w™. If G is a group acting on a set Q then G** denotes the subgroup of Sym
induced by G. A transitive minimal normal subgroup of a permutation group
is called a plinth; see [BamP04]. Note that a permutation group with a plinth
is innately transitive, and that a finite innately transitive group can have at
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most two plinths, and if it has two, then they are isomorphic, non-abelian, and
regular.
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2. Cartesian decompositions and Cartesian systems

A Cartesian decomposition of a set Q is a set {I'1,...,T¢} of proper parti-
tions of € such that

[viN---Nv =1 forally €Ty,...,v €Ty

This property implies that the map w — (y1,...,7¢), where for ¢ = 1,..., ¢ the
block v; € I'; is chosen so that w € ;, is a well-defined bijection between ) and
I'y x -+ x I'y. Thus the set 2 can naturally be identified with the Cartesian
product I'y x - -+ x T'p.

If G is a permutation group acting on 2, then a Cartesian decomposition £ of
) is said to be G-invariant, if the partitions in £ are permuted by G. For a per-
mutation group G acting on 2, the symbol CD(G) denotes the set of G-invariant
Cartesian decompositions of Q. If £ € CD(G) and G acts on £ transitively, then
£ is said to be a transitive G-invariant Cartesian decomposition. The set of
transitive G-invariant Cartesian decompositions of 2 is denoted by CDy.(G).
The concept of a Cartesian decomposition was introduced by L. G. Kovécs in
[Kov89b] where it is called a system of product imprimitivity. Kovécs suggested
that studying CDy,(G) (using our terminology), for finite primitive permutation
groups GG, was the appropriate way to identify inclusions of G in wreath prod-
ucts in their product action. His papers [Kob89b] and [Kov89a] inspired our
work.

Suppose that G is an innately transitive subgroup of Sym Q with plinth M,
and that &£ is a G-invariant Cartesian decomposition of 2. Then we proved
in [Proposition 2.1, BPS04] that each of the I'; is an M-invariant partition
of 2. Choose an element w of  and let v; € T'y,...,v € I'y be such that
{w} =y NN~ set K; = M,,. Then [Lemmas 2.2 and 2.3, BPS04] imply
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that the set K, (£) = {K1,..., K} is invariant under conjugation by G,

(2) Ki(ﬂKj):M for alli € {1,...,¢}.
J#i
For an arbitrary transitive permutation group M on €2 and a point w € €,
aset K = {Ky,...,Ky} of proper subgroups of M is said to be a Cartesian
system of subgroups with respect to w for M, if (1) and (2) hold. If M is
an abstract group then a set { K7, ..., K} of proper subgroups satisfying (2) is
said to be a Cartesian system.

THEOREM 2.1 (Theorem 1.4 and Lemma 2.3, [BPS04]): Let G < SymQ) be
an innately transitive permutation group with plinth M. For a fixed w € 2
the correspondence £ — K, (€) is a bijection between the set of G-invariant
Cartesian decompositions of €} and the set of G -invariant Cartesian systems
of subgroups of M with respect to w. Moreover the G,-actions on £ and on
Ko (E) are equivalent.

Suppose that G < Sym 2 is an innately transitive group with plinth M, and
let w € Q be fixed. Let K be a G,-invariant Cartesian system of subgroups of
M with respect to w. Then the previous theorem implies that K = K., (€) for
some G-invariant Cartesian decomposition £ of 2. Moreover, £ consists of the
M-invariant partitions {(w®)™| m € M} where K runs through the elements
of K. This Cartesian decomposition is usually denoted £(K).

Using this theory we were able to describe those innately transitive subgroups
of wreath products that have a simple plinth. This led to a classification of
transitive simple and almost simple subgroups of wreath products in product
action (see [Theorem 1.1, BPS04)).

Now we recall a couple of concepts introduced in [BPS06] to describe sub-
groups of direct products. Suppose that M = T; X --- X T}, where the T; are
groups, and k > 1. For I C {T1,...,T}} the symbol o7: M — [[,; T denotes
the natural projection map. We also write oy; ;.3 for OT, .\ T } and o;
for oy7,3. A subgroup X of M is said to be a strip if, for each 1 = 1,... k,
either 0;(X) = 1 or 0;(X) =& X. The set of T; such that ¢;(X) # 1 is called
the support of X and is denoted Supp X. If T, € Supp X then we also
say that X covers T,,. Two strips X; and Xs are said to be disjoint if
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Supp X; N Supp Xo = 0. A strip X is said to be full if ¢;(X) = T; for all
T; € Supp X, and it is called non-trivial if |Supp X| > 2. A subgroup K
of M is said to be subdirect with respect to the direct decomposition
Ty X+ xTy if 0;(K) = T; for all i. If M is a finite non-abelian characteristically
simple group, then a subgroup K is said to be subdirect if it is subdirect with
respect to the finest direct decomposition of M (that is, as a direct product of
simple groups).

Let M =T x --- x T} be a finite non-abelian characteristically simple group,
where T7, ..., T} are the simple normal subgroups of M, each isomorphic to the
same simple group T'. If K is a subgroup of M and X is a strip in M such that
K=XXop,., Tk}\supr(K) then we say that X is involved in K. A strip
X is said to be involved in a Cartesian system KC for M if X is involved in some
element of K. Note that in this case [Lemma 2.2, BP03] and (2) imply that X
is involved in a unique element of .

A non-abelian plinth of an innately transitive group G has the form M =
T1 X - - x T}, where the T; are finite, non-abelian, simple groups. Let £ € CD(G)
and let IC,,(€) be a corresponding Cartesian system {K7, ..., Ky} for M. Then
equation (2) implies that, for all ¢ < k and 5 < ¢,

3) (i) ()l ) =T

J'#J

In particular this means that if o;(K;) is a proper subgroup of T; then o; (K /) #
oi(K;) for all j/ € {1,...,¢}\ {j}. It is thus important to understand the
following sets of subgroups:

(4) fi(g,M,w):{O'i(Kj”j:l,...,f, O'I(KJ)#Tl}

From our remarks above, |F;(£, M,w)| is the number of indices j such that
0i(K;) # T;. The set F;(€, M,w) is independent of ¢ up to isomorphism, in
the sense that if i1, 7o € {1,...,k} and g € G,, are such that T = T;, then
Fi,(E,M,w)d = {LI| L € F;,(E,M,w)} = Fi,(E, M,w). This argument also
shows that the subgroups in F;, (£, M,w) are actually G,-conjugate to the sub-
groups in F;, (€, M, w).

The following theorem was proved in [Theorems 5.1 and 6.1, BPS06].

THEOREM 2.2: Suppose that G is an innately transitive permutation group
with a non-abelian plinth M =Ty x --- X T}, where k > 1 and T1,..., T} are
pairwise isomorphic finite simple groups. Let & € CDy,(G) with a corresponding
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Cartesian system K for M with respect to a point w € ), and, fori=1,...,k,
let F; = F(E, M,w) be defined as in (4). Then the following all hold.
(a) The number |F;| is independent of i and |F;| < 3.
(b) Suppose that there is a non-trivial, full strip involved in KC. Then k > 2
and |F;| € {0, 1}.
(¢) If X is a non-trivial, full strip involved in K and |F;| = 1 then
| Supp X | = 2.
(d) Set P = {Supp X| X is a non-trivial, full strip involved in K}. If P # )
then P is a G-invariant partition of {T1,...,T}. Thus if X1 and X are
non-trivial, full strips involved in K then they are disjoint.

The set CDy(G) is further subdivided according to the structure of the
subgroups in the corresponding Cartesian systems as follows. The sets F; =
Fi(E, M,w) are defined as in (4).

CDs (@) = {g c CDtr(G)‘ the elements of K, () are subdirect subgroups };

in M
Fil =1 and K, (€) involves no non-trivial, }
full strip

)

CD1(G) = {5 € CDw (@) \

Y

CD1s(G) = {5 c CDtr(G)‘ |Fi| =1 and K, (€) involves non-trivial, }

full strips

CDso () = {g c CDtr(G)‘ |f]ZD| = 2 and the F; contain two G,-conjugate };
subgroups

|F;| = 2 and the subgroups in F; are not }

G,-conjugate ’

D2y (G) = {5 e CDtr(G)‘
CD3(G) = {€ € CD(G)| |Fi| = 3).

At first glance, it seems that the definitions of the classes CDg(G), CD4(G),
CD1s(G), CD2~(G), CD2yx(G) and CD3(G) may depend on the choice of the
Cartesian system, and hence on the choice of the point w. The following result,
proved in [Theorems 6.2 and 6.3, BPS06], shows that this is not the case, and
shows also that these classes form a partition of CDy;(G). A permutation group
is called quasiprimitive if all of its non-trivial normal subgroups are transitive.
A finite quasiprimitive group is said to have compound diagonal type if it
has a unique minimal normal subgroup M, which is non-abelian, and a point
stabiliser M, is a non-simple, subdirect subgroup of M. See [BP03, Pra93] for
more details.

THEOREM 2.3 (6-class Theorem): If G is a finite, innately transitive permu-
tation group with a non-abelian plinth M, then the classes CD1(G), CDs(G),
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CD15(G), CD2~(G), CD2x(G) and CD3(G) are independent of the choice of
the point w used in their definition. They form a partition of CDy(G), and
moreover, if M is simple, then CD¢,(G) = CDa~.(G).

(a) If CDs(G) # 0, then G is a quasiprimitive group of compound diagonal
type.

(b) If CD15(G) UCD2~(G) # 0, then T and the subgroups of the F; are given
by one of the columns of Table 1.

(c) If CD24(G) # 0, then T admits a factorisation T = AB with A, B proper
subgroups.

(d) If CD3(G) # 0, then T is isomorphic to one of the groups Sp,,(2) with
a > 2, PQF(3), or Sps(2), and, for each i, the subgroups of F; form a
strong multiple factorisation of T; (see [Table V, BP98]), and hence are
known explicitly.

T AG Mlg PQ;(Q) Sp4(2a)7 a 2 2
subgroups in F; | As | M11 | Qz(q) Spy(2%9) -2

Figure 1. Table for Theorem 2.3

3. Toolbox

In this section we collect the tools, in addition to those in [BPS04, BPS06,
PS03], that are necessary for our investigation of the Cartesian decompositions
in CD15(G), CD2~(G) and CD2.(G). First we recall a couple of concepts in
graph theory, and then we prove some group theoretic lemmas.

We introduce the combinatorial structures that are necessary for the investi-
gation of the elements in CD2~ (G) U CD2x(G).

Definition 3.1: A generalised di-graph T' is a 4-tuple (V| E, 8,¢), where V
and F are disjoint sets with V' non-empty and 3,e: E — V are maps such that
B(v) # e(v) for all v € V. The elements of V' are the vertices, and the elements
of E are the arcs of I'. If e € F then §(e) is the initial vertex of e, and e(e) is
the terminal vertex of e. A permutation &« € SymV x SymE < Sym (VU E)
is an automorphism of T" if a(8(e)) = f(a(e)) and e(ale)) = ale(e)) for all
ec k.

Next we introduce the undirected version of this concept.

Definition 3.2: A generalised graph T is a triple (V, E,¢) where V and FE
are disjoint sets with V' non-empty and

e E— vt = {{v1,v2}| v1, v2 €V, v1 # va}



74 C. E. PRAEGER AND C. SCHNEIDER Isr. J. Math.

is a map. The elements of V' are the vertices and the elements of E are the
edges of I'. If e € E then the two elements of £(e) are said to be adjacent to
e. A permutation @ € SymV x Sym E < Sym (V U E) is an automorphism of
Tif e(a(e)) = ale(e)) for all e € E.

For the purposes of this paper, a graph is a generalised graph (V| E,¢) for
which E C V{2} and ¢ is the inclusion map. We usually write this graph simply
as (V, E), and with the terminology above, an edge e = {v1,v2} is adjacent to
v; and vy (and vice versa). We will also say that v; and ve are connected. A
graph (V| E) is said to be bipartite if V' has two non-empty subsets V4, V5 such
that V1 NV5 =0, V1 UV, = V, and there is no edge between two elements of V;
or between two elements of V5. The pair Vi, V5 is said to be a bipartition of
the graph.

If ' = (V,E) is a graph then the valency of a vertex v is defined as the
number |[{v' € V| {v,v'} € E}|. A graph is said to be regular if all vertices
have the same valency. A bipartite graph with a given bipartition is said to be
semiregular if all vertices in the same part of the bipartition have the same
valency.

A generalised graph can (and will) be viewed as a graph if there is at most one
edge between any two vertices. For n > 1, the complete graph K, is defined
as the graph in which there are n vertices and any two vertices are connected.

Now we prove some lemmas that are necessary for our investigation.

LEMMA 3.3: LetT' = (V, E,¢) be a generalised graph such that E is non-empty
and Aut T induces a 2-transitive group on E. Then either |V | = 2 or T is a graph.
In addition, if T’ is a graph and Autl' induces a transitive group on V', then T’
is isomorphic to the complete graph Ks, or I' is isomorphic to a vertex-disjoint
union of k copies of the complete graph K, for some k > 1.

Proof: Since E is non-empty, we have |V| > 2. Note that AutT' must induce
a primitive group on E. Suppose that v; and ve are vertices of I' such that v;
and v are connected by some edge in E. Then the edges in F that are adjacent
to v1 and vy form a block for the action of AutT' on E. Thus either |[V| =2, or
v1 and vg are connected by a unique edge in E, and so I is a graph.

Assume now that I' is a graph, and, in particular, that € is an inclusion map,
and that AutT is transitive on V. This implies that all vertices have the same
valency. If this valency is 1 then I' = kK5 for some k. So assume that the
valency is at least 2 and let v € V. Then there are edges e; and ez such that
e1 = {v,v1} and es = {v,v2} with v; # va; in particular |[V| > 3. As v has
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valency at least 2, vy is adjacent to an edge es = {v2,v3} with vs # v. Since
AutT is 2-transitive on E, there is an automorphism o € AutI' such that ef = e
and e§ = e3. Thus

{v}* =(e1Nex)® =ef Ned =er1Nes = {v,v1} N {vz,v3}.

Since v € {v2,v3} and vy # va, it follows that v* = v; = v3. Thus the subgraph
spanned by v, vy, v2 is a connected component of I' and is a complete graph K.
If |V| > 4, there is a vertex vy € {v,v1,v2}, and as AutT is transitive on V, the
connected component of I' containing vy is also isomorphic to K3. Let e be an
edge adjacent to vys. Since Autl is 2-transitive on E, there is an automorphism
3 such that (e1,e2)” = (e1,e). Arguing as before, {v°} = e; Ne = {v,v1} Ne,
but this is the empty set, and we have a contradiction. Thus |V| = 3 and
' Ks. ]

The next result, which will often be used in complicated arguments, is so easy
that its proof is omitted.

LEMMA 3.4: Let A and B be subgroups of a group G, such that A << B and
Ne (A) /A is abelian. Then Ng (A) < Ng (B).

The following result computes the normaliser of a strip in a direct product.

LeEmMA 3.5: Let Gy,...,Gy be isomorphic groups, ¢;: G1 — G; an isomor-
phism for i =2,...,k, Hy a subgroup of G1, and

H = {(h,p2(h),...,px(h))| h € Hi}
a non-trivial strip in GGy X --+- X Gi. Then

5) N, x-xa, (H)
= {(t,cap2(t), ..., crpr(t))| t € Ng, (H1), ci € Cg, (pi(H1))}

Proof: Denote the right hand side of equation (5) by N, set G = G1 X - - - X G,
and consider an element (¢, capa(t),. .., ckpr(t)) € N. Then, for all h € Hy,

(hy @a(h),- ., pp(h))e2e2Ockor®) = (B oo (h), ... pi(h')) € H.

Hence N C Ng (H). Let us prove that the other inclusion also holds. Suppose
that (t1,...,tx) € Ng (H). Then for all h € Hy we have that

(hy@a(h), o () 1) = (A" pa(R)'2, .. i (R)™) € H,

and so t1 € Ng, (Hy) and ¢;(h't) = @;(h)" for each i = 2,..., k. This amounts
to saying, for each i > 2, that h*t = h¥ () for all h € Hj, and hence
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tip; 1(t;)™' € Cg, (Hy). Therefore t; = c;p;i(t1) for some ¢; € Cg, (pi(Hi))
foralli=2,...,k, and so

(1, te) = (t1, c202(t1), - -, crspre(tie)-
Thus Ng (H) C N, as required. |

Finally, we need one more result concerning factorisations of finite simple
groups.

LEMMA 3.6 (Lemma 4.2 [BPSxx]): Let T be a finite simple group isomorphic
to Sp,(2%), where a > 2, and let A, B be proper isomorphic subgroups of T
such that T'= AB. Then

Ny (ANB)=Np (A'NB)=ANB and Cr(ANB)=Cr(A'NB)=1.

4. Quotient actions of innately transitive groups

It is well-known that if H is a transitive permutation group on {2 then,
for a fixed w € (2, there is a one-to-one correspondence between the set
{Hy| H, < Hy < H} of subgroups and the set of H-invariant partitions of
Q. The partition assigned to Hy by this correspondence is denoted Py (Hp),
and is given by

(6) Pr (Ho) = {(w™)"| h € H}.

In particular, the part of Py (Hp) containing w is the Hp-orbit wf°, and Hy is
its setwise stabiliser in H. Note that the next result does not assume that €2 is
finite.

LEMMA 4.1: Let G be a permutation group on a set ) and M a transitive
normal subgroup of G. Suppose that for some w € Q, M, < My < M and M,
is normalised by G,,. Then Py (My) is G-invariant, and if P € Py (My) such
that w € P then Gp = MyG,,. Moreover, Py (My) = Pg (MyG,,).

Proof: Tt is clear from its definition that Pys (Mp) is M-invariant. Since M
is transitive, we have G = MG, and so in order to show that Pp; (Mp) is
G-invariant, it suffices to show that Py (Mp) is G,-invariant. If g € G,, and
m € M then

g g g
(wl\/lgm)g _ wl\/lgmg _ wl\/lggm _ ngVIgm _ wMom c ]PM (MO)
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Hence Py (Mp) is G-invariant. Thus, by the remarks preceding the lemma,
Py (Mp) = P (X) for a unique subgroup X satisfying G,, < X < G, the part
P = wMo containing w is the X-orbit w¥, and X is its setwise stabiliser in G.
Since Py (My) is G-invariant, it follows that G, fixes P setwise, as does My,
and by assumption MyG, = G, M, is a subgroup of G containing G,. Since
wGeMo — yMo — (,X the uniqueness of X implies that X = G, M. |

Lemma 4.1 can be used to construct quotient actions of innately transitive
groups. Suppose that M is a non-abelian, transitive, minimal normal subgroup
of a finite permutation group G, acting on ). Let w € Q and let M be a
G-invariant partition of the minimal normal subgroups of M. If, for I € M,
o1 denotes the projection of M to the direct product of the minimal normal
subgroups lying in I, then M, < [];c 0 01(My) < M, and we define

P (M) = IF’M< 11 ol(Mw)>.
IeM
As 01 (M,,)9 = o19(M,,) for all I € M and g € G, the subgroup [[, o7(M,) is
normalised by G,,. Therefore P (M) is an M-invariant partition of €.

5. Cartesian decompositions in CDs.. (G)

In this section we assume that G is an innately transitive group acting on €2
with a non-abelian plinth M = T X --- X Ty where each of the T; is isomor-
phic to a finite simple group 7. Set 7 = {T1,...,T;}, and fix an w € Q. Let
M, = Np, (61(M,)) x -+ x Np, (0(M,,)) and let Q denote the M-invariant
partition Py (Mw) of Q. Using Lemma 4.1, it is easy to see that Q is
G-invariant. Let @ be the block in © that contains w. Then M, = Mz and
Lemma 4.1 also implies that G5 = M, G,,. Let G denote the group induced by
G on , and let G denote the image in G of Gy.

Suppose that £ € CDa(G), and for each i = 1,...,k, let F;(E, M,w) =
{A;,B;}. Let T'(G,&) be the generalised graph (K, (£),7,e) such that, for
i=1,...,k e(T;) = {Kj,, K;,} where 0;(K;,) = A; and 0;(K,,) = B;. For
i=1,...,0 set K; = 01(K;) x -+ x 0 (K;), and let K, (&) = {K1,..., K}

The main result of this section is the following theorem.

THEOREM 5.1: Let the groups G and M be as in the first paragraph of this
section. If € € CDy..(G), then the properties Prop2~[a]-[d] below all hold.
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Prop2~[a] (Quotient Action Property). The group M is faithful on Q, and so,
if K is a subgroup of M, then we identify K with its image under the action on
Q. The set K,,(£) is a G -invariant Cartesian system of subgroups for M with
respect to @. Moreover, £(IC,,(£)) € CDa(G).

Prop2~[b] (Factorisation Property). If i € {1,...,k} then
(i) A;, B; are isomorphic proper subgroups of T;;

(ii) A; and B; are conjugate under G,;

(i) 4;B; =T;, AiNB; = Np, (0:(M.));
) Ne, (Ti) ={g € Gu[ {4, Bi}? = {4, Bi}}.

(iv

Prop2~[c] (Combinatorial Property). The group G, induces a group of au-
tomorphisms of the generalised graph T'(G, £), which is transitive on both the
vertex-set K., (€) and the edge-set 7, where the G-actions are by conjugation.
Moreover, if for some i € {1,...,k}, e(T;) = {K;,, K,,} and g € Ng_, (T;), then
(A;, B;)9 = (A, B;) if and only if (Kj,,Kj,)? = (KJl,K ).

Prop2~[d] (Isomorphism Property). The group T, the subgroups of F;(£, M,w),
and o;(My) are as in Table 2. The group G is permutationally isomorphic to a
subgroup of Aut M acting on Q. In particular, M is the unique minimal normal
subgroup of G, and G is quasiprimitive. Moreover, if T is as in rows 1-3 of
Table 2 then M, = M,,, and so G = G, as permutation groups. Otherwise
a block in Q has size dividing 2, the kernel N of the action of G on € is an
elementary abelian 2-group of rank at most k, and G = G//N.

A converse of Theorem 5.1 is also true, see Section 5.2. The following propo-
sition will form the basis for the proof of Theorem 5.1.

PROPOSITION 5.2: Suppose that G, M, T, w, £, F;(E, M,w) are as in the first
and second paragraphs of this section. Then the isomorphism type of T and
that of the subgroups in F;(E, M,w) are as in one of the rows of Table 2. If one
of the rows 1-3 of Table 2 is valid then

(7) K=0(K)x - xo0,(K) for K e€K,(&),

while if row 4 is valid then

K) x--- K)Y <K d < 7k
(8) Ul( )X Xak( )\ an O'l(K)/X"'XO'k(K)/\ 2
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T subgroups in 5 (€, M,w) | o;(Mz)
1 Ao As D1
2 Mo M1, PSLy(11)
3 POy (q) Q7(q) Ga(q)
4| Spy(q), g > 4 even Spy(q®) - 2 Dg2y1-2

Table 2. Table for Proposition 5.2

Proof: Fori=1,...,k, we have F;(£, M,w) = {A;, B; }, as above. Since G acts
transitively on 7 by conjugation, and since, by the definition of CDy(G), A;
and B; are G,-conjugate, the subgroups As, ..., A and By, ..., By are pairwise
isomorphic. Also, since T} = A1 B; is a factorisation of a finite simple group
with two isomorphic subgroups, it follows from [Lemma 5.2, BPS04] that 7" and
F1(E, M,w) are as in Table 2. Suppose that o1(K;) x --- x o (K;) € K, for
some j. Then it follows from [Lemma 2.3, PS02| that there are i1, iz € {1,...,k}
such that

9) iy (K5) % 04, (Kj)' € 04y i3 (K5).

Suppose first that o;, (K;) = T;,. Then [Lemma 4.2, BPS06] implies that K;
involves a full strip X covering T;,. However, by Theorem 2.2, X cannot be
a non-trivial strip since £€ € CDa~(G). Thus X = T;,, and so T;, < Kj.
This, however, implies that o, (K;) < 0y, 4,3 (K;), and in this case we must
also have oy, (K;) < 04, 4,3 (K;). Therefore o, (Kj) x 04, (Kj) = 04, ,i,3 (K})
contradicting (9). Hence oy, (K;) < Tj,, and the same argument shows that
0i, (Kj) < T,.

Since £ € CD2.(G), there exist ji,jo € {1,...,¢} \ {j} such that
0i, (Kj,) < T, and 04, (Kj,) < Ts,. It follows from (2) that K;(K;, NK;,) = M
(where possibly j1 = j2) and so

Ofin,in} (K5 (00 iny (KGy ) N0y iny (KGy)) = Ty x Ty
Note that
O iy iny (K ) Nogiy iy (Kjy) < 04y (K ) X 04, (K,)

and hence
U{i11i2}(Kj)(o-il (Kjl) X Tj, (sz)) = Til X 1—11'2'

By an observation made at the beginning of this proof, o;,(Kj;), 0i,(kK;),
0i, (Kj,), 0i,(Kj,) are pairwise isomorphic. Therefore the factorisation in the
previous displayed equation is a full factorisation (see [Definition 1.1, PS02]).
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On the other hand (9) holds, and this contradicts [Theorem 1.2, PS02]. Hence
the first inequality of (8) holds for all K € K (£). If T is not as in row 4 of
Table 2 then the elements of the F; are finite simple groups, and the stronger
equation (7) also follows.

Finally if T is as in row 4 of Table 2 then 0;(K;)/0;(K;)" = Z2, and hence

K o Ou(E) x - X op(k)
o1 (K;) x - x op(Kj) T~ o1(Kj) x - x op(K;)

~75 1

Now we prove Theorem 5.1.

5.1. PROOF OF THEOREM 5.1. Prop2~[a] As £ € CDy..(G) we have that,
for all ¢, there are two indices j such that o;(K;) < T;. Hence each of the K;
is a proper subgroup of M. This also shows that o;(M,,) is a proper subgroup
of T;, and so is Ng, (0;(M,,)), for all i € {1,...,k}. Thus no T; is contained in
M, and so M is faithful on Q. We will therefore identify each subgroup K of
M with its image under the action on . Set K = K (&) and K = K, ().

Next we prove that K is a Gg-invariant Cartesian system for M with
respect to w. If one of the rows 1-3 of Table 2 is valid, then, by Proposition 5.2,
K = K and @ = {w} and there is nothing to prove. Thus we suppose that
row 4 of Table 2 is valid. First we prove that (1) holds. Let i € {1,...,k} and
Fi = {A;, B;}. Then it follows from (8) that A; N B} < 0;(M,,) < A; N B;. As
A;B; = A;B; = A;B] =T, but A, B} # T;, we obtain that |4,NB; : A;\NB}| = 2.
Lemma 3.6 implies that Np, (A;NB}) = Np, (A;NB;) = A; N B;. Hence
Nr, (0:(M,)) = A; N B;, and so

k k
Kin---nKe=[](4nB) =[] Nz, (0:(M.,)) = Mz
i=1 i=1

and condition (1) is proved. Since (2) holds for £ and K; < K; for all i, we
obtain that(2) holds for K as well.

We claim that K is invariant under conjugation by Gz. Let i € {1,...,k},
je{l,...,4} and g € G,,. We denote by 9 the integer in {1,...,k} that
satisfies TY = Tjs. Then 0;(K;)? = 049 (Kj’) Thus

o k g k k
(&) = (Hai(Kj)> = Haig(Kg) = Hoz-(Kg).

Since K JQ € IC, it follows that E;’ € K. Hence K is G-invariant. Lemma 4.1
shows that Gz = M,G,,. Since M, = K1 N---NKy preserves K, we obtain
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that IC is also Gg-invariant. Thus K is a Gg-invariant Cartesian system of
subgroups for M with respect to @.

It follows from the definition of K that Fi(E, M,w) = Fi(E(K), M,m) =
{A;,B;} for all i € {1,...,k}. Let g € G, such that A{ = B; and let g
denote the image of g in its action on Q. Then § € G and clearly A? = Bj.
Thus £(K) € CD2(G).

Prop2~[b] Let ¢ € {1,...,k} and choose ji1, jo € {1,...,£¢} such that
A; = 0,(Kj,) and B; = 0;(Kj,). It is clear by the definition of CDan(G)
that Prop2~[b](i)—(ii) hold for A; and B;. Since K; K;, = M we have that
0i(Kj,)o:(K;,) = 0;(M) and so A;B; = T;. We showed in the proof of
Prop2~[a] that A; N B; = Np, (04(M,,)), and so Prop2~[b](iii) also holds. Fi-
nally, let g € G,, such that {A4;, B;}9 = {4;, B;}. Since A;, B; < T;, it follows
that T, N TY # 1, and so TY = T;. Conversely, if T/ = T; with some g € G,
then o;(K)? = 0;(K9) for all K € K. Thus the uniqueness of {j1, jo} yields
that g fixes {K;,, K, }. Therefore g fixes {0;(Kj,), 0:(K;,)} = {Ai, B;}. Thus
all properties in Prop2~/[b] hold.

Prop2~]c] Let I denote I'(G,E). It follows from the definition of T" that
the action of G, by conjugation is transitive on the vertex set K and on the
edge set T of I'. We claim that G, preserves adjacency in I'(G,E). Let iy €
{1,...,k} with e(T},) = {K;,,K,,} and let g € G,,. Let i3 € {1,...,k} such
that 77 = T;,. Then oy, (K;,)? = 0i,(KY,) and 0y, (Kj,)? = 04, (K],). Thus
e(TP) =e(Ti,) = {Kjgl,KfZ} = ¢(T;,)9, as required.

Suppose that g € N, (T;). If ¢ is such that AY = A; and BY = B; then,
since g € Ng, (T3), Ai = A} = 0,(K},)? = 04(K}). Since ji is the unique
integer in {1,...,/} such that o;(K;,) = A;, we obtain that K/ = Kj,, and
also KY, = Kj,. If g € Ng,, (T;) is such that KY = K, and K}, = K}, then
it also follows that AY = 0;(K;,)? = 0;(K]) = 04(Kj,) = A;, and, of course,
By = B;. Thus the compatibility condition between A;, B;, and I'(G,€) in
Prop2~[c] also holds.

Prop2~[d] It follows from Proposition 5.2 that T" and the subgroups A;, B; of
Fi(€,M,w) are as in Table 2. As Mz = K1N---N Ky, we obtain that o;(Mg) =
A;NB; for all i. Since T; = A;B; is a factorisation of T; with two isomorphic sub-
groups, we obtain from the [Atlas] in rows 1-2, from [3.1.1(vi), K1e87] in row 3,
and from [3.2.1(d), LPS90] in row 4 of Table 2 that the o;(Mz)-column of Ta-
ble 2 is correct. As Mg = M., is the direct product of its projections under the
o;, and such a projection is self-normalising in T; (by Lemma 3.6), we obtain
that Mz is a self-normalising subgroup in M. Thus [Theorem 4.2A, DM96]
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implies that (Csymﬁ(M ) = 1. Hence M is the unique minimal normal subgroup
of G, and so G can be embedded into a subgroup of Aut M. In particular, G is
quasiprimitive.

Suppose that

K, =01(K;) x - xor(K;) forallie{l,... ¢}

and set M, = K, N---NK,. It follows from Theorem 5.2 that K, < K; < K;
and that K, = K; = K; if T is as in one of the rows 1-3 of Table 2; thus
M, < M, < Mgz also holds. If T is as in one of the rows 1-3 of Table 2, then
M, = M, = Mg. Thus Q can be identified with 2, and so the groups G and
G are permutationally isomorphic.

Suppose now that 7' is as in row 4 of Table 2. Then, by [3.2.1(d), LPS90],
0i(Mg) = AiNB; = Dy24q-2and 0;(M,,)= A\NB; = D2y foralli € {1,...,k}.
It follows from Lemma 3.6 that

NTi (Uz(Mw)) = NTi (O'I(Mw)) = O‘i(Mw) for all i € {1, .. ,k’}

Hence we obtain that Nps (M,) < Npy (M) = Mg. On the other hand,
as Ny (M) /M, is abelian, Lemma 3.4 gives Ny (M) < Nps (M,,). Thus
Ny (M) = Ny (My). Therefore Ny (M,,) /M, is an elementary abelian
2-group of rank at most k, and by [Theorem 4.2A, DM96] a block in € also
has size dividing 2¥. Therefore N is also an elementary abelian 2-group of rank
at most k. |

5.2. A CONVERSE OF THEOREM 5.1. Theorem 5.1 can be reversed in the
following sense. Let G be a finite innately transitive group on 2 with a non-
abelian plinth M and let T1,...,Ty be the simple direct factors of M. As-
sume that, for w € €2, the point stabiliser M, can be decomposed as M,
o1(My) X -+ X o (M,). Set T = {T1,...,Tx}. Suppose that A;, By are sub-
groups of 77 and I' = (V,T,¢) is a generalised graph, such that properties
Prop2~[b] and Prop2~/[c] hold. More precisely,
(i) Ay, By are isomorphic proper subgroups of T1;
(ii) A; and B; are conjugate under G;
(iil) A1B1 =Ty, AN By =o01(M,);
(iv) Ng, (Th) = {g € Gu| {A1, B} ={A1, Bi}}.
Assume, moreover, that G, induces a vertex and edge-transitive group of
automorphisms of I', where the G,-action on 7 is by conjugation, and that if
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e(T1) = {v1,v2} in T, then the following holds:

if g € Ng, (T1) then (Ay, B1)? = (A1, B1)
(10) if and only if (v1,v2)? = (v1,v2).
We construct, as follows, a G-invariant Cartesian decomposition £ in CD2.(G),
such that I' 2 T'(G, €) and F1(E,M,w) = {A1, By }.

Fori=1,...,k, choose g; € G, such that T}{* = T;. For each element v € V'
set K, = Hf 1 Kvi where, for ¢ = 1,...,k, the subgroup K, ; is defined as
follows (noting that e(7;) = {U1 ,v5'}). Set Koo, = A{', K0 ; = B{" and
K, ;=T forallve V\{v] v§}.

We claim that each of the K, ; is well-defined, that is, its definition is in-
dependent/ of the choice of the g;. Suppose that g;, g. € G, are such that

52

T = T} = T, for some i. Note that, as G, induces a group of automor-
phisms of T, in this case {v{" v’} = &(T;) = {vl vy } Thus if v € {v{", v}
then we would define K, ; as T; using either g; or g,. Suppose next that
o] = vf" and vy = vg’. Then g;g,~! € NG (Th) N (Gw)v, and so, by (10),
gigi”" € Na, (A1) NN, (B1). Thus A9 = 4, and B{* = By; and so
Aft = A" and B{" = B}". Therefore, using either g; or g/, we Would define K9 ;
as A]" and Ko ; as B". The other possibility is that v{" = ’U2 and v‘lq’ =0,
Then g;g.~! is in Ng_ (T1) and interchanges v; and vg, and so by property (1v)

above and condition (10), g;g.~! also swaps A; and B;. For v = v{" = vgl
’ =1, )
we would, using ¢/, define K, ; as BY" = (A]"%" )9 = AJ and similarly, for

v=0d = vfé we would, using g/, define K, ; as A% = (Bf"'géil)g; = BY*. Thus
the definitions of all the K, ; are the same whether we use g; or g;.

Let K = {K,| v € V}. We claim that K is a G,-invariant Cartesian system
for M with respect to w. First note that the K, are direct products of their
projections and, for all 7,

m Kv,i = A‘(lh n B?Z = (A1 n Bl)gi = Ul(Mw)gi’ = Ui(Mw)-
veV
Therefore

va*HO"L w - w-

veV
Hence (1) holds. The choice of A; and Bj is such that T4 = A;Bj, and the
definition of K, =[], K, ; implies that, for each i and v,

Kﬂ,i< n Kv/,i) :E

v #v
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As K, ; < K, for all i and v, it follows that Kv(ﬂv,;év K,) = M for all v.
Thus (2) holds and K is a Cartesian system for M with respect to w. Now
we prove that the set K is invariant under conjugation by G,. Let v € V|,
i1, 02 € {1,...,k} and g € G, such that T}/ = T;,. We claim that K], =
Koo i,. Suppose first that v = vf“. As ¢ induces an automorphism of I", we
obtain that v{"? € e(T¢) = e(Ti,) = {v{,v5?}. If v9 = v{"? = v{", then
gilggi_z1 stabilises (v1, v2), hence, by (10), normalises A; and By, so that Kg’il =
Al = AT and Kooy, = A7, Thus K] ; = Kya,. Similar arguments show
that K, = Kys, holds in all other cases. Therefore

k g k
K9 = <HK) = [[ Ko = K.
=1 =1

Hence K is G -invariant. We also note that the G,-actions on V and on K are
equivalent. Thus I is a G,-transitive Cartesian system of subgroups in M with
respect to w, and it follows from the definition of the K, that £(K) € CD2(G),
I ~I(G,E(K)) and F1(E(K), M,w) = {A1, B1}.

One aim of this section is to describe those innately transitive permuta-
tion groups G for which CD2.(G) is non-empty. Our results show that, if
CD2(G) # 0, then the following all hold: the isomorphism type of such groups
is restricted (see Prop2 ~[d]), and a point stabiliser in the plinth also satisfies
some interesting properties, expressed in Prop2~[b]. Moreover, such groups G
act on a generalised graph (see Prop2~|c]) whose edge set is intrinsic to the ab-
stract group theoretic structure of G. This suggests that the conjugation action
of GG on the simple direct factors of the plinth may, in certain cases, predetermine
the existence of Cartesian decompositions in CDa..(G). This problem would be
very interesting to address in more detail, but it would distract us from the
main focus of the present work. We only illustrate this phenomenon with the
following example

Example 5.3: Suppose that G is a quasiprimitive permutation group on 2
with a unique minimal normal subgroup M = T; X --- X Ty, where k > 4
and T1,...,Ty are finite simple groups, isomorphic to one of the groups T in
Table 2. Assume further that the conjugation action of G induces a 2-transitive
permutation group on the set 7 = {T4,...,T;}. Let w € Q. Then G = MG,,,
and so the G-action on 7T is also 2-transitive. Let I' = (V, 7, €) be a generalised
graph such that GG, induces a vertex-transitive group of automorphisms on I"
where the G,-action on 7 is by conjugation. Then Lemma 3.3 implies that I" is
isomorphic to the union of k copies of the complete graph Ks. This shows that
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it £ € CD2~(G), then |€] = 2k. Further, if K is a subgroup in the Cartesian
system K., (€), then K corresponds to a vertex of T' that is adjacent to a unique
edge of I". Thus there is a unique ¢ € {1,...,k} such that o;(K) # T; and, since
K. (€) involves no strips, there is a unique 4 such that T; € K. This shows that
the corresponding embedding of G into the full stabiliser in SymQ of £ is as
in [Theorem 1.1(b), BPS06].

6. Cartesian decompositions in CDyy(G)

In this section we assume that G is a finite innately transitive group acting on €2
with a non-abelian plinth M =T} X --- X T} where each of the T; is isomorphic
to a finite simple group T'. Set 7 = {T4,..., Tk}, and fix an w € Q.

Suppose that € € CD2x(G) and let K, () = {Ky,...,K;} be the corres-
ponding Cartesian system of subgroups. For i = 1,...,¢, set K; =
o1(K;) x ---xo(K;), and let K, () = {K1,...,K¢}. Let M, = K1N---NKy,
and note that M, is the direct product of its projections, that is to say,
M, =o01(M,)x---xop(M,). Let Q denote the M-invariant partition 5, (Mw)
of €. Tt is routine to check that the conjugation action of G, permutes the sub-
groups K1,..., Ky, and so their intersection M, is invariant under G,,. Thus
Lemma 4.1 shows that Q is G-invariant. Let @ be the block in Q that contains
w. Then M, = Mg, and Lemma 4.1 also implies that Gz = M,G,,. Let G
denote the group induced by G on , so that G is the image in G of Gg.

Define a generalised di-graph I'(G, &) = (K (), T, 8,¢) for the given Carte-
sian decomposition £ as follows. Let A; and B; be the subgroups of T} such
that F1(€, M,w) = {A1, B1}. Then for each i there are unique indices j; and ja
such that o;(Kj,) is Gi,-conjugate to A and o,(K},) is G,-conjugate to By. Set
B(T;) = K, and (T;) = K;,, and let A; and B; denote 0;(K,) and o;(K,),
respectively. Thus the subgroups Ay, ..., Ax are pairwise G, -conjugate, and so
are the subgroups By, ..., Bg. On the other hand, if i, j € {1,...,k}, then A;
is not G,-conjugate to B;.

The main result of this section is the following

THEOREM 6.1: Let the groups G and M be as in the first paragraph of this
section. If &€ € CDayx(G), then the properties Prop2+[a]-Prop2+#[c] below, all
hold.

Prop2t[a] (Quotient Action Property). The group M is faithful on Q, and so,
if K is a subgroup of M, then we identify K with its image under the action on
Q. The set K,,(£) is a G -invariant Cartesian system of subgroups for M with
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respect to @w. Moreover, £(K,,(£)) € CD2.(G).

Prop24[b] (Factorisation Property). If i € {1,...,k} then
(i) A;, B; are proper subgroups of Tj;
(ii) A; and B; are not conjugate under G;
(iii) A;B; =T; and A; N B; = 0;(M,,);
(iv) Ng, (Ti) = Ng, (A;) = Ng,, (Bi).
Prop2|[c] (Combinatorial Property). The group G, induces a group of auto-
morphisms of the generalised di-graph I'(G, £), which is transitive on both the

vertex-set I, (£) and the arc-set 7, where the G,-actions are by conjugation.

The observant reader may notice that our conclusions in this section are con-
siderably weaker than those in Section 5, as there is no counterpart of Prop2~/[d].
The reason for this is simple: in the previous section the finite simple group T'
admitted a factorisation with two proper, isomorphic subgroups, and so the iso-
morphism type of T, and hence that of GG, could be restricted. No such factori-
sation is guaranteed to exist here. On the other hand, for some ¢, the subgroups
A; and B; may be isomorphic even though they are not G-conjugate. It is
easy to see, and is left to the reader, that claims similar to those in Prop2~][d]
are valid in this case. We formulate the following related problem.

PROBLEM: Let G, M and w be as in the first paragraph of this section and let
& € CD2yx(G) such that F1(€, M,w) contains two isomorphic subgroups. Is it
always true that there is an innately transitive subgroup H of Sym (), having
the same plinth M as G, such that £ € CDa(H)?

Next we prove Theorem 6.1.

6.1. PROOF OF THEOREM 6.1. Prop2x[a] As £ € CD2.(G) we have that,
for all 4, there are two indices j such that o;(K;) < T;. Thus each of the K, is
a proper subgroup of M. This also shows that o;(M,,) is a proper subgroup of
T; for all i € {1,...,k}. Thus no 7; is a subgroup of M, and so M must be
faithful on Q. Set K = K, (£) and K = K ().

Next we prove that C is a Gz -invariant Cartesian system for M with respect
to w. Equation (1) holds because of the definition of M, = Mz. Since (2) holds
for K and K; < K; for all i, we obtain that (2) holds for K as well. We claim
that /C is invariant under conjugation by G,,. Let i € {1,...,k}, j € {1,...,¢},
and g € G,,. We denote by 9 the integer in {1,...,k} that satisfies T/ = T},.
Then 0(K;)? = 049 (K7). Thus

k

I 1_Ia (K?) = f[laim;’).

i=1
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Since Kjg € K, it follows that (K ;)¢ € K. Lemma 4.1 shows that Gz = M ,G.
Then, since M, = K1 N---N Ky preserves K, and K is G -invariant, we obtain
that IC is also Gg-invariant. Thus K is a Gg-invariant Cartesian system of
subgroups for M with respect to w.

It follows from the definition of K that Fi(E, M,w) = Fi(E(K), M,m) =
{A;,B;} for all i € {1,...,k}. Let § € Gy such that A = B; and let g
denote its preimage in Gg. Then g = mg, for some m € M, and ¢g; € G,,. As
M., is the intersection of the Fj, we obtain that

or(m) e (Bin--NEKy) <or(Ey)N---Noy(Ky)
== O'1(K1) ﬂ~~ﬁ01(Kg) == A1 ﬁBl.

Therefore AT = Ay, and so A" = By. As g1 € G, and € € CD2y(G), this is a
contradiction, and so A; and Bj are not Gg-conjugate. Thus £(K) € CD2..(G).

Prop2¢[b] Let ¢ € {1,...,k} and let j1, jo € {1,...,¢} be such that
A; = 0;(K;,) and B, = 0;(Kj,). By the definition of CD2,(G), it follows
that Prop2+[b](i)—(ii) hold for A; and B;. Since K, K;, = M we have that
0i(Kj,)oi(Kj,) = 04(M) and so A;B; = T;. Also,

AN B; =0i(Kj) Noi(Kj,) =o0i(Kj,) Noi(Kjy,)
= O'i(Fl) N---N O—i(fl) = O'i(Fl AREE ﬁ?e) = O—i(Mu})~

Hence Prop244[b](iii) is valid. If g € Ng, (A4;) then T NT; # 1 and so TY = T;.
Thus g € Ng, (T3), and so Ng,, (4;) < Ng, (T3). Similarly N, (B;) < Ng,, (T3).
Suppose now that g € Ng_ (T;). Then 0;(K)9 = 0;(K9) for all K € K. Thus
the uniqueness of j; and jo yields that g fixes K;, and Kj,. Therefore g fixes
oi(Kj,) and 0;(Kj,), and so g € Ng_, (4;) NNg, (B;). Thus all properties in
Prop2-[b] hold.

Prop24[c] Let I denote I'(G, £). It follows from the definition of I' that the
conjugation action of GG, is transitive on the vertex-set K and on the arc-set
T of T'. We claim that G, preserves adjacency in I'(G, £). Let iy € {1,...,k}
with 5(T;,) = Kj, so that o;, (K;) is G,-conjugate to A;, and let g € G,,. Let
iz € {1,...,k} such that T = Tj,. Then oy, (K;)? = 04,(K]). As 0y, (Kj;) is
Go-conjugate to Ay, so is 0y, (K7). Thus B(T7) = B(T3,) = K] = B(T3,)7, as
required. Thus [ is preserved by the G-action; similar argument shows that &
is also preserved by the G,-action. Hence all claims of the theorem hold. |

6.2. A CONVERSE OF THEOREM 6.1. Theorem 6.1 can be reversed in the fol-
lowing sense. Let G be a finite innately transitive group on €2 with a non-abelian
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plinth M, and let T3, ..., Ty be the simple direct factors of M. Assume that a
point stabiliser M, can be decomposed as M, = o1(M,,) x -+ x ox(M,). Set
T ={T1,...,Ty}. Suppose that Ay, B; are subgroupsof T3 and ' = (V, 7, 5, ¢)
is a generalised di-graph, such that properties Prop2[b] and Prop2|[c] hold.
This amounts to saying that
(i) Ay, Bj are proper subgroups of T1;
(ii) A; and Bj are not conjugate under G,;
(iil) A1By =Ty, A1 N By =01(M,,);
(i) Ne. (T1) = Ne, (A1) = Nor, (B1);
and also that G, induces a vertex and arc-transitive group of automorphisms
of I'; where the G,-actions are by conjugation.

Fori=1,...,k, choose g; € G, such that T}{* = T;. For each element v € V'
set K, = Hle K, ; where

K, ;=4 By ife(T;) = v;
T; otherwise.

First we prove that the K, ; are well-defined, that is, their definitions are in-
dependent of the choice of the g;. Suppose that g;, g € G, are such that
T = Tf’ T;. Then g;g.~! € Ng, (T1) and so, by property (iv) above,
gigi ' € Ng, (A1) NNg,, (B1). Hence A" = A‘%{ and By = B‘lqg. Thus the K, ;
are well-defined.

Let K = {K,| v € V}. We claim that K is a G,-invariant Cartesian system
for M with respect to w. First note that the K, are direct products of their
projections and, for all i,

() Kvi = A{ N B{' = (AN B1)% = 01(M,,)% = 03(M.,).
veV

Therefore

ﬂK HU’ w) = M,,.

veV

Hence (1) holds. The choice of A; and B and the definition of the K, ; imply

that for each 7 and v,
Kﬂ,i< n Kv/,i) :E

v #v
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As K, ; < K, for all i and v, it follows that Kv(ﬂv,;év K,) = M for all v.
Thus (2) holds and K is a Cartesian system for M with respect to w. We
prove now that the set I is invariant under conjugation by G,. Let v € V|,
i1, 42 € {1,...,k} and g € G, such that T; = T;,. We claim that K], =
Kya i, Suppose first that 8(7;,) = v. Then, as g induces an automorphism of
', we obtain that 3(T7) = v, that is, 5(T3,) = v9. Thus in this case we have
Kyo iy = A7?, Ky i, = AT, and hence K, = A{"?. As Ty =T? =T,
obtain, as above, that A]"? = A", Hence KJ, = Ko ;,. Similar argument

we

shows that this equality also holds when (7}, ) = v, and when T;, is not adjacent
to v. Therefore

k g k
K9 = <HK) = [[ Euvoi = K.
=1 =1

Hence K is G,-invariant. The last equation also shows that the G,-actions
on V and on K are equivalent. Thus K is a G, -transitive Cartesian system of
subgroups for M with respect to w, and it follows from the definition of the K,
that £(K) € CD2x(G), T =T(G, E) and F;(E(K), M,w) = {4, B;} for each i.

As in the previous section, it is possible to investigate further the conditions
that ensure the existence of a Cartesian decomposition in CDy..(G) for some
innately transitive group G. If this set of decompositions is non-empty then
the set of simple direct factors of the plinth must play the role of the arc-set
of a generalised di-graph. Thus we expect that the nature of the conjugation
action on the simple direct factors can strongly restrict the possible generalised
di-graphs satisfying Prop24¢[c|, and hence the possible elements of CDay(G).
Though details of this phenomenon are not addressed in this paper, we present
a simple example for illustration.

Example 6.2: 'We claim that no generalised di-graph exists having four arcs and
admitting an automorphism group that acts vertex and arc-transitively inducing
an A4 or S4 on the arcs. For, if T is such a generalised di-graph then every vertex
has a constant number of outgoing arcs. Hence the number of vertices must be a
divisor of 4 (and is not 1 by the definition of a generalised di-graph). It is left to
the reader to check that no such graph exists on 2 or 4 vertices. Therefore if G
is a finite innately transitive group with a non-abelian plinth M =T} x --- x T}y
where the permutation action of G on the 7T; is permutationally isomorphic to
Ay or Sy then CDoy(G) = 0.
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7. Cartesian decompositions in CD;5(G)

In this section the following notation is used. Let GG be a finite innately transitive
group on {2 with a non-abelian plinth M, and let 77, ..., T} be the simple normal
subgroups of M, each isomorphic to the simple group 7. Let w € §2, and set
T = {Th,...,Tx}. Let M, = Ny (M,) and let Q denote the M-invariant
partition Py, (Mw) of Q. Then M, is normalised by G,. Thus Lemma 4.1
shows that  is G-invariant. Let @ be the block in © that contains w. Then
Lemma 4.1 also implies that Gz = MwGw, that @ is the M-orbit containing
w, and that M, = M. Let G denote the permutation group on Q induced by
G, so Gy is the subgroup of G induced by Gg.

Suppose that £ € CD15(G) and let K, () = {K3, ..., K¢} be the correspond-
ing Cartesian system. For K € K,,(£), let X denote the set of non-trivial, full
strips involved in K, and set X = Xk, U---UXk,. By Theorem 2.2, X contains
k/2 pairwise disjoint, full strips, each of length 2. Let

X€eXk, ngUXGXKi Supp X

Set K,(£) = {K1,...,K,}. If X is a strip in M then we define min X =
min{i| T; € Supp X} and max X = max{i| T; € Supp X}. Suppose that
X = {X1,...,Xy2}, and, for i = 1,...,k/2, let A; and B; be defined as
follows. There are unique indices j; and ja such that oy x, (K 1) # Tmin x;
and omax x; (Kj,) # Tmaxx,; set A; = ominx, (Kj,) and B; = omax x; (Kj,)-
Let I'(G, &) denote the graph (K, (£) U X, E; U Ey) where, for K € K, (€) and
XeX, {K,X} € F if either UminX(K) < Tnin x OF UmaxX(K) < Tmax x, and
{K,X} € E, if X is involved in K.

THEOREM 7.1: Let G and M be as in the first paragraph of this section. If
€ € CD;5(G), then the properties ProplS[a]-ProplS[d] below all hold.

Prop1S[a] (Quotient Action Property). The group M is faithful on Q, and so,
if K is a subgroup of M, then we identify K with its image under the action on
Q. The set K,,(£) is a G -invariant Cartesian system of subgroups for M with

respect to @W. Moreover, £(K,(€)) € CD15(G).

ProplS[b] (Factorisation Property). If i € {1,...,k/2} then
(i) X; is a full strip of length 2;
(i)

(iii) A; and B; are conjugate under G,;

(iv) X;(A4; X B;) = Tminx; X Tmax x;, Xi N (Ai X B;) = 0supp x (Nar (M.,));

A; is a proper subgroup of T, x, and B; is a proper subgroup of Thax x;;
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(V) NGW (Trnin X; X TmaxXi) = NGW (Xl) = NGW (Ai X Bi).

Prop1S[c] (Combinatorial Property). The graph I'(G,€) is bipartite, with
bipartition formed by the sets K (£) and X. The group G, induces a group
of automorphisms of the graph T'(G,¢&), such that K,(£), X, E; and Es
are G-orbits. Moreover, each element of A is adjacent to one edge or two
edges from FEj, and one edge of FEs. Further, if the elements of X are
adjacent to two elements of FE; then the following condition must also
hold: if, for some K € KC,(€) and X € X, {K,X} € E; then (G, )k x} =
Na., (Tmin x) N Ng, (Tmax x)-

ProplS[d] (Isomorphism Property). The group T, the subgroup A; (which is
G.,-conjugate to B;), and ogypp x, (Mz) are as in Table 3. The group G is per-
mutationally isomorphic to a subgroup of Aut M acting on . In particular, M
is the unique minimal normal subgroup of G, and G is quasiprimitive. Moreover,
if T is as in rows 1-3 of Table 3 then M, = M,,, and G = G as permutation
groups. Otherwise each block in Q has size dividing 2¥/2, the kernel N of the

action of G on € is an elementary abelian 2-group of rank at most k/2 and
G =G/N.

7.1. SOME COMPUTATION. The following three results are needed for the proof
of Theorem 7.1. The results are stated and proved in the context introduced in
the first two paragraphs of this section.

PROPOSITION 7.2: If €& € CD1g(G), then the group T is as in one of the rows
of Table 3, and each F;(E, M,w) contains a subgroup isomorphic to the group
A; in the corresponding row of Table 3. Further, for all K € K,,(E),

(11) IT x x 11 om(K) < K.

XeXxk Tm?Zng)cK Supp X

If T is as in rows 1-3 then

12) K= J[ xx II om(K) for all K € K, (E).
XeXk T @Ux e x)c Supp X
T A osupp X, (Mz)
1 AG A5 D10
2 Mo M1y PSL,(11)
3 PO (9) Q(q) Ga(q)
4[Sps(g), g>4even | Spy(¢®) -2 | Dyzyy -2

Table 3. Factorisations of finite simple groups with two isomorphic subgroups
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Proof: Let K () ={Ki,...,K¢},and fori=1,...,¢ let K, denote ﬂj# K;.
By Theorem 2.2, each non-trivial, full strip involved in a K; has length 2. Sup-
pose without loss of generality that X is a non-trivial full strip involved in K3
covering T1 and Tp. Thus by (2), T1 x Ta = 01,2} (Kl)o{m}(f{l). Suppose that
X = {(t,«at))| t € T1} for some isomorphism « : Ty — T5. Then it follows
from [Lemma 2.1, PS02] that T} = o1(K;)a"'(02(K1)). By the definition of
CDis(G), 01(Kj,) # T and 02(Kj,) # T5 for some ji, jo € {2,...,£}. Thus
o1(K1) and 05(K) are proper subgroups of Ty and T, respectively. Moreover,
if g € G, such that TY = Ty then Ty € Supp X N Supp X9, and so Theorem 2.2
implies that X9 = X. Hence, again by Theorem 2.2, g € Ng_ (K1), and also
g € Ng, (IA(l> Thus o (IA(l)g = UQ(IA(l) is a proper subgroup of T5. Hence
T, =01 (I?l)a_l(ag(f(l)) is a factorisation with proper, isomorphic subgroups.
Therefore [Lemma 5.2, BPS04] implies that T3 = T is as in Table 3 and the
isomorphism types of o1 (IA( 1) and o9 (IA( 1) are as in the A;-column of the corre-
sponding row of Table 3.

Suppose that o;(K;) # T; for some i and j. Then there is a non-trivial full
strip X € X covering T;; assume that X € Xk, for some m € {1,...,¢}\ {j}
and that Supp X = {T;,T;}. Then the argument of the previous paragraph
shows that ai(IA(m) is as in the A;-column of Table 3. In particular, ai(f(m) is
a maximal subgroup of T;. Since IA(m < K, we obtain that Ji(IA(m) < oi(Kj) <
T;, and so 0;(Ky) = 0i(K;). Therefore o;(K;) is also as in the A;-column of
the corresponding row of the table.

We have proved so far that for all ¢ and j either o;(K;) = T; or o;(K;) = A
where A is as in the A;-column of Table 3. In particular A is a maximal subgroup
of T', A is almost simple, and if T" is as in rows 1-3 of Table 3 then A is simple.
Suppose by contradiction that (11) fails to hold for some K;. Set

?z{m|Tm€ U Supr} and S={1,....,k}\S,

XEXKJ-

and write 05, og for the projection of M onto [, g Ts and []
Then it follows from the definition of X, that

ses I's respectively.

Kj = Us(Kj) X Ug(KJ)
As (11) fails for K; we must have that

[T om(5;) & os(K;).

meS
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Thus it follows from [Lemma 2.3, PS02] that there are distinct elements 41, is
of S such that

(13) 04y (Kj)l X Tj, (Kj)l ><\ U{i17i2}(Kj)'

If 0;, (K;) = T;, then, by [Lemma 4.3, BPS06], there is a full strip X involved
in K; covering T;,. By the definition of S, we must have that X = T;,, and so
04, (K;) < Kj. Hence oy, (K;) < 04, 4,3 (K;), and also 04, (K;) < 04, 4,1 (K).
Hence oy, (K;) x 04, (K;) = 044, 4,3 (K;), contradicting (13). Thus oy, (K;) is a
proper subgroup of T;, and also oy, (K) is a proper subgroup of T;,.

By Theorem 2.2(d), G, is transitive on X, and so there are (not necessarily
distinct) strips X7 and Xy in X such that X; covers T;, and Xo covers T;,.
Suppose that X7 = Xs5. Then Supp X1 = {T;,,T;,}, and let 51 € {1,...,¢}\{j}
be such that X; € Xk, . Then, as verified above, oz-l(IA(j ) and o, (IA(j ) are

~
~

maximal subgroups of T;, and T;,, respectively, and, in addition, o;, (K;,) =
0i,(Kj,). Thus the factorisation

X100y (K, ) = 04y iny (G, )0 iy a0y (K, ) = Ty X T,

is as in [Theorem 1.5, PS02]. Hence [Theorem 1.5, PS02] implies that

Oiy (Kjl )I X Tj, (Kjl )I < U{i1,i2}(KJ1)'
Note that j # j1, and so a{il’iz}(f(jl) < 044y,ipy ()5). Moreover, oy, (IA(] ) is a
maximal subgroup of T}, and so is oy, (K;). As 0y, (K;,) < 04, (K;), we obtain
that o;, (K;,) = 04, (K;), and, similarly, oy, (K}, ) = 04, (K;). Therefore

Oy (Kj)l X Tj, (Kj)l < U{i17i2}(Kj)a

which is a contradiction. Hence X7 # Xs.

Suppose that X; is involved in Kj; and X3 is involved in Kj,, where
j1 and jo are not necessarily distinct elements of {1,...,¢}\ {j}. Let I =
Supp X1 U Supp X» and set Kj, j, = ﬂm#h j» Km. Then, by [Lemma 3.1,

BPS04], (K;, N K;,)K;, j, = M, and so

or(M) = or(Kj, NKj,)or(Kj, j,)-

Suppose that n € Supp X;USupp Xs; in fact suppose without loss of generality
that n € Supp X;. Then the argument above shows that o, (IA(jl) >~ A and also
on(Kj) = A where A is as in the A;-column of Table 3 and j' € {1,...,¢} is

such that o, (K;/) < T,,. Since,

on(Kj,) < on(Kj, jp) < on(Kj),
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~

we obtain that o, (K, j,) = A, and this holds for all n € Supp X7 U Supp Xo.
Clearly o7 (K, N Kj,) < X1 x X», and so

~

or(M) = (X1 x Xa)or(Kj, j,)-

Then it follows from [Theorem 1.5, PS02] that

~ ~ ~

Omin X3 (Kjy j2) X Omax x, (Kjy ) X Omin x5 (Kjy jy)' X Omax x5 (Kjy )’

Kjl,
< 01(Kjy j,)-
As i1, ig € I, we obtain that

iy (Kj1.ja) X iy (K, )" < 0y iy (K a) < 0 i iy ().
Since o, (IA(jlm)’ =0y, (K;)" and 0y, (I?jl,jz), = 0,,(K;)’, this is a contradiction.
Hence (11) holds. If T is as in rows 1-3, then o;(K) is simple and hence perfect.
This proves (12). |

Next we need to compute normalisers of point stabilisers and Cartesian system
elements.

LEMMA 7.3: If € € CD15(G), then for all i € {1,...,(},

Ny (Ki) =K; and Kj= J[ X x 11 o (K;)'.
XeXk, TngXGXKi Supp X

Proof: 1If T is as in rows 1-3 of Table 3 then the claim of the lemma follows
from the fact that, by Lemma 3.5, each strip X € Xk, is a simple and self-
normalising subgroup of ogupp x (M), and if T; is not covered by any strip in
Xk, then o;(K;) is self-normalising in 7).

Suppose now that T is as in row 4 of Table 3 and set

Ki = H X x H Uj(Ki)/~

XeXk; T,~€UX€XK7_ Supp X

Then it follows from Proposition 7.2 that K, < K;, and from the definition of
K; that K; < K;. Now each strip X € Xk, is self-normalising in Osupp x (M),
and Nr, (0;(K;)") = Ng, (0(K;)) = 0;(K;) whenever T ¢ Supp X for some
X € Xg,. Hence Ny (K,) = K; and Ny (K;) < K;. On the other hand,
Lemma 3.4 implies that Nys (K;) < Ny (K;), and so K; = Ny (K;) = Ny (K;).

It remains to prove that K] = K,. Asforj =1,...,k, either 0,(K;) = 0;(K;)
or 0;(K;)/o;(K;) is isomorphic to Zs, it follows that K;/K, is an elementary
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abelian 2-group. Thus K] < K,. On the other hand, K, is a direct product
of non-abelian, finite simple groups, and so no quotient of K, is abelian. This
proves that K/ = K, as required. |

Suppose that G, G2 are groups and let H be a subgroup of G;. If a: H — G2
is an injective homomorphism then we define

Diaga = {(h,a(h))| h € H}

as a subgroup of G x Gs.
LEMMA 7.4: Let £ € CD1s(G) and let K, (€) = {K1,...,K;}. Then

Ny (M) = Npg (K1) 0= NNy (K),

and Ny (M,,) is the direct product of k/2 strips of length 2 in M. Moreover, if
Y is a strip in Ny (M,,) then Y is isomorphic to the group in the last column
of the appropriate row of Table 3.

Proof: Fori=1,...,¢ we have K] < K; < Nys (K;) with equality if T is as in
one of the rows 1-3 of Table 3 (see Lemma 7.3). Let X7, ... , X /2 be the strips
involved in C,,(£). Then Theorem 2.2 implies that {Supp X1, ..., Supp Xy 2} is
a partition of {74, ..., Tk}, and it follows from Lemma 7.3 that, fori =1,...,¢,

k)2 k)2
Kzl = H OSupp X (Kzl) and Ny (K;) = H OSupp X (Nas (K5))-
j=1 =1

Let M, = K{N---NKj. Set My = KinN---NK, and recall that My =

220

NM (Kl) .- QNIV[ (K@) Then

k/2 k/2
M, =[] oswpx,(M,) and Mo =[] osuppx, (Mo).
J=1 J=1
For ¢ = 1,...,k/2, the subgroup X; = Diaga; for some isomorphism

it Tminx; — Tmaxx;.- Let K; and Kj, be the elements of the Cartesian
system such that omin x, (Kj,) 7# Tmin x, a0d Omax x; (Kj,) 7# Tmax x;. Set

2 = Omin X; (Kjl) n agl(omax Xi (KJ ))

and

Yi = omin x; (K ) N O‘i_l(gmaxXi (K )
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Let @; and ¢; denote the restrictions of o; to the subgroups 2 and Y;, respec-
tively. Then we have that

Osupp X; (Mo) = Diag@; and  osupp x, (M,,) = Diag ;.

Suppose first that 7" is as in rows 1-3 in Table 3. Then, as M,, = M, = My,
it follows that M, is the direct product of the Diag@;. On the other hand,
by [Lemma 2.1, PS02], the factorisation

Tnin X, = Omin x; (Kj, )y (Omax x, (K5,))

involves isomorphic subgroups. Thus the subgroups involved in this factorisation
must be as in [Lemma 5.2, BPS04]. Now the isomorphism type of the intersec-
tion ¥; can be determined using the [Atlas] in rows 1-2 and [3.1.1(vi), Kle87] in
row 3. Hence we find that, for T in one of these rows, the group 571 is isomorphic
to the subgroup in the last column of Table 3. By [Lemma 5.2, BPS04], Y; is
self-normalising with trivial centraliser in Ty x,, and so Lemma 3.5 implies
that Np_,. x; xT,

wax x, (Diag@) = Diag @, and so Nys (M) = M, as required.
Suppose now that T is as in row 4 of Table 3. Then the isomorphisms }AQ >~
Dg211-2and Y; = D2 ¢4 follow from [3.2.1(d), LPS90]. Using Lemma 3.6 we ob-
tain that Nz, (Y;) = Np, , (Y;) =Y and Cr,,, X, (Y;) = Cr,,, , (Y;) =1.
Thus Lemma 3.5 implies that Ny (M) = Mo, M, = (Dgp1)*?, My =
(Dg241 -2)k/2 and My/M_, is an elementary abelian 2-group. Hence Njs (M,,) <
Mpy. On the other hand Lemma 3.4 implies that My < Ny (M,,). Therefore

N (M,,) = My, as required. |
Now we can prove Theorem 7.1.

7.2. PROOF OF THEOREM 7.1. ProplS[a] For each i there is a unique j
such that o;(K;) < T;. Thus the ?j are proper subgroups of M, and no T; is
contained in M,,. Hence M acts faithfully on €. Lemmas 7.3 and 7.4 imply
that K1 N---N Ky = Ny (M) = M,,. Therefore (1) holds for IC,,(£). As (2)
holds for K, (€), and for i = 1,...,¢, K; < K;, we have that (2) also holds
for K, (£). Therefore K, (£) is a Cartesian system of subgroups for M with
respect to @. We claim that K, () is invariant under conjugation by Gz. Note
that Gz = M5G,, and so it suffices to prove that K, (&) is invariant under
conjugation by G,. This, however, follows from the fact that {K7,..., K} is
G ,-invariant and, by Lemma 7.3, K, () = {Ny (K1), ...,Nas (K¢)}.

ProplS[b] It follows from Theorem 2.2 that ProplS[b](i) holds. It is clear
that Prop1S[b](ii) also holds. Recall that M, = Mg = Nj; (M,,). Let X be a
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non-trivial, full strip involved in K;, and let j1, ja € {1,...,£}\ {i} be such
that omin x (Kj,) < Tminx and omax x (Kj,) < Tmaxx- Set A = omin x (Kj,)
and B = omax x (Kj,). Suppose that g € G, is such that 77, = Tiaxx.
Then A9 = omin x (K;,)? = omaXX(Kjgl). As jo is the unique integer such that
Omax X (Kj,) < Tmaxx, we obtain that Kjgl = Kj,, and so A9 = B. Hence
Prop1S[b](iii) also holds. Note that, as /IC,,(£) is a Cartesian system, we have
that K;(K;, N K;,) = M. Thus

TminX X TmaxX = USupr(Kj)JSupr(Kj1 N sz)'

As ogupp x (K;,NKj,) < AxB we obtain that Tinin x XTmax x = X (AXB). Since
each ?j is the direct product, over X; € X, of its projection under ogypyp x;, SO
is the subgroup M,,. Thus X N (A X B) = 0supp x (M) = 0supp x (Nar (M),
by Lemma 7.4. Therefore ProplS[b](iv) holds. Let us now prove Prop1S[b](v).
As Ax B < TIninX X TrnaxX7 X < TIninX X TlnaxX7 and {TrninX7TInaxX}’ is a
block for the G,-action on 7, it follows that

NGW (A X B) < NGW (TrninX X TmaxX)

and
NGW (X) < NGW (TrninX X TmaxX) .

Let g € N, (Tmin x X Tmaxx). Then X9 is a strip involved in KY € K, (&)
such that X and X9 have the same support. Hence Theorem 2.2 implies that
X = X9, and so g € Ng_, (X). Also, the element g either normalises both
subgroups Tmin x and Tiax x or swaps these two subgroups. Hence one of the
following scenario holds: either

Omin x (Kj,)? = omin x (K7,)  and  omax x (Kj,)? = Omax x (K7,);

or

UminX(Kjl )g == O—maxX(Kjgl) and UmaxX(KjQ)g == O—minX(Kng)~

Since K, and K, are the unique elements of K, (€) whose projection to Tinin x
and Tax x, respectively, are proper, we obtain that {A9, B9} = {A, B}. There-
fore (A x B)? = Ax B, and so g € Ng_, (A x B).

Propl1S[c] First we prove that G, induces a group of automorphisms of the
graph I'(G, £). Suppose that, for some K € K, (€) and X € X, the edge {K, X}
isin Ey and g € G,. Then opmin x (K) < Tminx O Omax x (K) < Tnax x- Sup-
pose without loss of generality that omin x (K) < Tiinx- Then o, (K9) < T,
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where m € {1,...,k} is such that TY. = T,,. As X9 covers T),, it fol-
lows that {K,X}9 = {K9 X9} € E;. Now let {K,X} € E;. Then X is
involved in K and hence XY is involved in K9, whence {K9, X9} € F5. Thus
G,, preserves adjacency in I'(G, E). Moreover, under the conjugation action of
G, the sets K, () and X are G-orbits. We claim that E; and Es are also
G,-orbits. Suppose that {K7, X1}, {K2, X2} € E1. There exist i1, io such that
T;, € Supp X3, T;, € Supp Xo, 04, (K1) < T;, and 04, (K2) < T;,. Since G, is
transitive on T, ..., Tk, there is an element g € G, such that Tig1 =T;,. Then
T;, € Supp X{ N Supp X3, and so Theorem 2.2 implies that X{ = X5. We also
have that o, (K1) = 04, (K{) < T},. Since K3 is the unique element in K, ()
with proper projection in T}, we have K{ = K. Thus {K;, X1}9 = {K3s, X2},
and so G, is transitive on E;. Now let {K7, X1}, {K2, X2} € Es. Then X is
involved in K7 and X5 is involved in K5. There is an element g € GG, such that
X7 = Xo, which implies that K = K5. Thus {K1, X1}9 = {K2, X2}, and G,, is
transitive on F5. Finally, suppose that the elements of X have F;-valency 2 and
let {K,X} € Ey. Suppose without loss of generality that omin x (K) < Timin x
and let g € (Gu){k,x}- Then {Tminx, Tmaxx}? = {Tminx, Tmax x }, and so
either

Tr'ginx = Tminx and TrflaxX = Thax x

or

g _ g _
Tmin X TmaxX and Tmax X = Tmin X

In the latter case we would have oymin x (K)9 = omax x (K). As X has Eq-valency
2, we have that omax x(L) < Tmaxx for a unique L € K,(€) and this L is
different from K, which is a contradiction. Thus Triin ¥ = Tminx and
TJ . x = Tmaxx must hold. Therefore g € Ng, (Tminx) N Ny, (Tmax x)-
Conversely suppose that ¢ € Ng, (Tminx) N Ng, (Tmaxx). Then clearly
g € Ng,, (X). Moreover, omin x (K)? = omin x (K?), and since K is the unique
element of /C,(€) such that omin x(K) < Tminx, it follows that K9 = K.

Therefore {K, X}9 = {K, X}. Hence property Prop1S|[c] holds.

Propl1S[d] By Proposition 7.2 and Lemma 7.4 the groups T, A; (which is
G-conjugate to B;), and osupp x, (Mz) are as in Table 3. By Lemma 7.4, the
group M, is a direct product of pairwise disjoint strips, and each such strip Y is
self-normalising in oguppy (M) (see Lemma 3.5). Thus M, is a self-normalising
subgroup of M. Hence [Theorem 4.2A, DM96] implies that Cg , (M) = 1.
Thus G can be embedded into Aut M, and so G is quasiprimitive and M is its
unique minimal normal subgroup.
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By Lemma 7.3, if one of the rows 1-3 of Table 3 is valid, then K; = K; for
all 7, and so M,, = M,,. Thus the sets Q and Q can be identified naturally, and
the groups G and G are naturally permutationally isomorphic.

If T is as in row 4 of Table 3, then it follows from Lemma 7.4 that
Ny (M) /M, is an elementary abelian 2-group with rank at most k/2. Thus
each block in Q has size dividing k/2. Further, it follows from [Theorem 4.2A,
DM96] that Csym o (M) is also an elementary abelian 2-group of rank at most
k/2. As M is a minimal normal subgroup of G and is faithful on Q, we ob-
tain that NN M =1, and so N < Csym o(M). Thus N an elementary abelian
2-group of rank at most k/2. |

7.3. A CONVERSE OF THEOREM 7.1. Theorem 7.1 can be reversed in the
following sense. Suppose that G is an innately transitive group on 2 with non-
abelian plinth M, and let T, ..., Tk be the simple normal subgroups of M. Let
w € Q. Assume that M, is a direct product of pairwise disjoint strips, each of
length 2. Let ) denote the set of strips involved in M., say Y = {Y1,...,Yy/2}.
Let X3, A1, By be subgroups of M, and let I' = (VU Y, E1 U E3) be a bipartite
graph satisfying properties ProplS[b] and ProplSjc], that is, the following all
hold:

(i

(ii) A; is a proper subgroup of Thin x, and By is a proper subgroup of Thax x, ;

X is a full strip of length 2;

(iv) X1(A1 X B1) = Tmin x; X Tmax x,, X1 N (A1 X B1) = 0supp x, (Mo);

(v) No, (Tminx, X Tmaxx,) = Ng, (X1) = Ng, (4 x B);
and also the group G, induces a group of automorphisms of the bipartite
graph I', such that V, Y, F; and Es are G-orbits. Further, each element
of Y is adjacent to one edge or two edges from FE;, and one edge of Fs.

)
)
(iii) A; and B; are conjugate under G;
)
) N

If the elements of ) are adjacent to two elements of F; then the following
must also hold: if {v,Y} € Ej, for some v € V and Y € Y, then
(Go)gv,yy = Na, (Tminy) "Na, (Tmaxy)-

We claim that Supp X; = SuppY; for some j € {1,...,k/2}. If this is not true
then we have osupp x, (Mw) = 0T, x, (M) X 07, x, (M), and by property
(iv) above, this is contained in X1N(A; X B1), which is a contradiction. Hence we
may assume, without loss of generality, that Supp X7 = Supp Y1. Let v1,v2 € V
be such that {v1,Y1} € Ey and {vs,Y1} € F2, and define

e | Ay X Thhaxy, if Y) has Ej-valency 2;
Y T\ A x By otherwise.
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ForveVand Y € ), define
if {v,Y} € Ey and g € G, is such that
{v, Y1} = {v, Y5

K,y = g if {v,Y} € E; and g € G, is such that
{’U27Y1 9= {U7Y}7

Thiny X Thmaxy otherwise.

(KU1,Y1 )g

We claim that the definition of K,y is independent of the chosen g € G..
Indeed, if two elements g1, g2 € G, are such that {vy,Y7}9 = {v1,Y1}92 =
{v,Y}, then g1g;* € (Guw) v, viy- I Y1 has Ej-valency 2 then by assumption,

919271 S NGw (TminYl) N NGW (TmaxYI) == NGw (Al) N NGw (Bl) .
Hence

-1 —1 -1 —1
919
(Kvl,Yl )g1g2 - (Al X Tmax Y; )g192 - A1 X (Trnax Yl)gng - Al X Tmax Y;
= Do Yy

If Y7 has Ej-valency 1 then, as glggl € Ng, (Tminyy X Tmaxy, ), property (v)
implies that

(Km,Yl)glg;l = (A1 x Bl)glggl =A1 x By = Ky, v,

Thus (K, v;)% = (Ku,v,)9%, as claimed. Similarly if {ve,Y7}9" = {vs, Y1}9°
for some g1, g2 € G, then

9192_1 S I\IGW (Tminyl X Trnaxyl) = I\IGW (Xl)

and so X{' = X7?. So also in this case the definition of K, y is independent of
the chosen element g.
We now claim that for each v € V, Y € Y, and g € G, we have

(14) Kvg7yg = (K’U,Y)g.

Indeed suppose that {v,Y} € E;. Then there is an element g; € G, such that
{vi,Y1}9" = {v,Y} and so {v9,Y9} = {v1,Y1}9'9. Now K,sys was defined
above as (K, v;)99, and K,y was defined as (K, v;)?". Thus (14) holds in
this case. Similarly, if {v,Y} € E5 then there is an element g1 € G,, such that
{v2,Y1}9 = {v, Y}, and the same argument shows that (14) holds. Finally, if
{v,Y} & E1 U E5 then {v9,Y9} & By U Ey. Hence Ky y = Thiny X Tmaxy and
Kyoys = Tminys X Tmaxys. As SuppY 9 = (SuppY)9 we have that (Triny X
Tmaxy)? = Tminvs X Tmaxys. Hence (14) holds in all cases.
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Now we note that K, y is a subgroup of Tininy X Tmaxy, and, as the elements
of ) are pairwise disjoint strips, we can define

K, =[] Koy
Yey
and set £ = {K,|v e V}.

Our next task is to prove that K is a Cartesian system, that is, equations (1)
and (2) hold. To help ourselves with this, first we prove analogous properties
for the subgroups K,y of the K,. If Y1 has Eq-valency 1 then, Y7 is adjacent
to two vertices v1 and vy and, by property (iv), we have

(15) Kvl,YlK'Ug,Yl = (Al X Bl)Xl = TminY1 X TmaXY1
and
(16) Kvl’yl N Km’yl = (A1 X Bl) NnNX; = OSupp Y, (Mw)

Suppose now that Y7 has Ej-valency 2, and let v3 be a vertex such that vy # vs
and {vs,Y1} € Fj. Then there is some element g € G, such that A9 = B.
Then we must have that Tr‘gin v, = Thaxy,, and so, by the conditions above, g
must interchange v; and vs. Then the argument above shows that K, y, =

TminY1 x B. Thus, by (iV),

an {Kv, v1s Kvy,v15 Kus.v; } 18 & strong multiple factorisation of
Tmin vy, X Tmax Y1

and
(18) KUl,Y1 N KU2,Y1 N KU37Y1 = OSupp Yy (Mw)

Now we are ready to show that (1) and (2) hold. As M, and the elements of
IC are direct products of their projections under osyuppy, for Y € Y, it suffices
to prove that

ﬂ Kﬂ,Y = USuppY(Mw) and Kﬂ,Y< m KW,Y) = TminY X TmaxY
veV v/ #v
holds for all Y € Y. If g € G, such that Yy =Y then, by (16) and (18), we
have that

() Koy = X{ 0 (A1 x B1)? = (X1 0 (A1 x B1))? = 0suppv, (M,)?

veV
= 0suppy (Ma).
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Also, using (15) and (17),

g
Kﬂ,Y< m Kﬂ/7Y> = <Kv91,Y1< ﬂ KU@I,YI))

v #v v'#v
= (Trnin y; X Tmax Y1 )g = Iminy X TmaxY-

Hence (1) and (2) hold.
It remains to prove that K is G,-invariant. Let v € V and g € G,,. Then

Kg = ( H KU,Y)g = H K’UQ,YQ = KUQ-

Yey Yey

Thus K9 € K. Therefore K is a G,-invariant Cartesian system of subgroups in
M. Tt also follows from the last displayed equation that the actions of G, on
K and on V are equivalent, and so G, is transitive on K. It follows from the
definition of the K, that £(K) € CD15(G) and that I' =T'(G, E).

Suppose that G is an innately transitive group with a non-abelian plinth M
and a point stabiliser M,, is a direct product of pairwise disjoint strips with
length 2 such that the isomorphism types of these groups are as prescribed by
Table 3. Then, as in the previous sections, it is sometimes possible to describe
the elements of CD1g(G) via studying the action of G, on the set of strips in
M,,. This phenomenon is illustrated in the following example.

Example 7.5: Suppose that T' = (V4 U Va, E1 U E») is a bipartite graph with
an automorphism group A satisfying the Combinatorial Property where V7, V5
and A play the role of K, (&), X, and G,,, respectively. Suppose that V2 has
4 vertices and A induces a group isomorphic to Ay on V5. As each vertex in V5
is adjacent to exactly one edge in Fs it follows that V3 must have 2 or 4 vertices.
If V1 has 2 vertices, v; and vs say, then the set of vertices in V5 connected to vy
via Fs is a block for the action of A. Such a block would have 2 elements, and
this is impossible, as A4 has no non-trivial blocks. Hence V7| = 4. If a vertex
of V5 is adjacent with 2 edges in F; then F; must have 8 elements. Thus E;
cannot be an A-orbit, as |A| is not divisible by 8. Thus each element of V5 must
be adjacent with exactly one edge of F;. Suppose without loss of generality
that {vi,u1} € By and {va,u1} € Eo for some uy € Va. Then v; # vg, and so
Ay, < Ay, NA,, =1. This is a contradiction since |A : A,,| = |V4| = 4. Thus
FE5 cannot have 4 elements, and so no such graph I' exists.

This simple graph theoretic argument shows that if G is an innately transitive
group with plinth M = T} x - - - X Tg such that a point stabiliser M, is the direct
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product of 4 pairwise disjoint strips and G, induces a group permutationally
isomorphic to A4 on these strips then CD15(G) = 0.
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